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We report the nonlinear focusing of ultrasonic waves by an axisymmetric diffraction grating
immersed in water. In the linear regime, the system presents high focal gain (32 dB), with a narrow
beam-width and intense side lobes as it is common in focusing by Fresnel-like lenses. Activating
the nonlinearity of the host medium by using high amplitude incident waves, the focusing proper-
ties of the lens dramatically change. Theoretical predictions show that the focal gain of the system
extraordinary increases in the strongly nonlinear regime (Mach number of 6.1 104).
Particularly, the harmonic generation is locally activated at the focal spot, and the second harmonic
beam is characterized by strongly reduced side-lobes and an excellent beam profile as experiments
show in agreement with theory. The results can motivate applications in medical therapy or second
harmonic imaging.VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4935917]
Acoustic focusing is an interdisciplinary topic covering
a rich set of applied sciences as, for example, nondestructive
testing techniques, detection of fish and undersea explora-
tion, therapeutic techniques, diagnostic sonography, and
ultrasound surgery in medical applications among others. In
the most common cases, acoustic lenses are constructed by a
refractive material with curved interfaces analogously to the
optical lenses. Flat diffraction grating plates have been pro-
posed as acoustic analogues of the Fresnel Zone Plates
(FZPs)1–4 to produce acoustic focusing. Acoustic FZPs con-
sist of alternating rigid (opaque) and open (transparent)
annuli with the radius and width specially designed to pro-
duce constructive interference at focus. This kind of diffrac-
tion gratings have been used to design bi-focal lenses5 or to
enhance the acoustic transmission.4 Recently, acoustic dif-
fraction gratings based on discrete axisymmetric arrays of
toroidal scatterers have been proposed to generate efficient
acoustic Bessel-like beams.6 In all of these cases, focusing
can result in high intensities at a specific location over a
small volume, triggering in most of the cases nonlinear
acoustic phenomena, and enhancing specific mechanical and
thermal effects. However, the nonlinear focusing using dif-
fraction gratings is a less explored area.
In general, mechanical phenomena include acoustic
streaming, radiation forces,7–9 and cavitation,10,11 while the
nonlinear thermal effects include heat generation due to non-
linear absorption of the acoustic energy. These nonlinear
effects are exploited in a broad series of applications as, for
example, harmonic imaging techniques12,13 or medical ther-
apy.11 Therefore, the design of devices that easily manage
the focusing properties and the enhancement of the focal
gain is of pivotal importance.
In spherical focusing devices [see Fig. 1(a)], the gain is
related to the aperture of the system in such a way that the
maximum gain is obtained with an aperture equal to the focal
distance,14 being very difficult the focusing inside a target
medium with high gains. In this work, we present the transi-
tion from the linear- to the nonlinear-focusing of ultrasonic
waves by an axisymmetric grating made of rigid toroidal
scatterers embedded in water. In the linear regime, we show
that the device presents a narrow focal spot, which is
between the diffraction and the sub-wavelength limits with
high focal gain (32 dB). As common in Fresnel-like lenses
and also for Bessel-like beams,6,15 the narrow focal spot is
accompanied by high amplitude circular side-lobes. By
increasing the amplitude of the incident waves, the second
order nonlinear effects of water become important. We
numerically analyze the transition from the linear to the non-
linear regime of the lens. As the amplitude of the incident
wave increases, the focal gain dramatically increases in com-
parison to the linear regime, reaching values around 40 dB.
Moreover, due to the strong enhancement of the field at
FIG. 1. (a) Equivalent passive spherical focusing device. The design depicts
a lens with an aperture, A ¼ 2a0 ¼ F, to have the focal located inside the tar-
get medium, as achieved by the axisymmetric grating analyzed in this work.
(b) Scheme of the axisymmetric lens. (c) Photograph of the experimental
device shown in the inset.
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focus, the higher harmonic generation is activated around the
focal spot. These local nonlinear processes produce higher har-
monics that maintain the narrow beam-like in the linear regime
while its axial- and side-lobes are strongly reduced. In the cur-
rent work, we demonstrate these results by analytical estima-
tions, numerical simulations and experiments. A simple
analytical model based on an approach of axisymmetric diffrac-
tion gratings is used to estimate the focal positions and the size
of the focal spot. Numerical calculations (using finite-difference
time-domain (FDTD) techniques16) of acoustic waves propagat-
ing through such axisymmetric gratings were used to calculate
the complete acoustic field in both the linear and the nonlinear
regimes. The experimental verification of the theoretical predic-
tion is also reported in both the linear and the weakly nonlinear
regime showing good agreement with the theory.
We consider M concentric toroidal scatterers of minor ra-
dius R and major radius rm with m¼ 1,…, M being the z direc-
tion along the symmetry axis of the system (see Fig. 1(b)). A
plane wave with amplitude p0 impinges the axisymmetric gra-
ting from the negative to the positive z direction. We consider
that R is small in comparison to the incident wavelength,
R k. In order to have an optimal superposition at a given
focal distance, F, behind the axisymmetric grating, all the
incoming waves should arrive precisely in phase to F. This
suggests an ideal axisymmetric grating would consist of a se-
ries of infinitesimal toroidal scatterers located in a plane at ra-
dial distances given by
r2mþ1 ¼ r2m þ nkðnkþ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2m þ F2
q
Þ; (1)
where n indicates the diffraction order of the axisymmetric
diffraction grating. Equivalently, for a given distribution of
toroidal scatterers, rm, the focal distance can be determined
from two consecutive positions in the grating by the follow-
ing expression:
F ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2mþ1  r2m
2nk
 nk
2
 2
 r2m
s
: (2)
The axisymmetric grating is designed for a focal dis-
tance of F¼ 15mm and frequency f0¼ c/k0¼ 2.229MHz for
the first diffraction order (n¼ 1). The grating is fabricated by
laser cutting over a stainless steel plate of 0.8mm thickness.
The minor radius of the toroidal scatterers is R¼ 0.75mm
(solid parts). The number of rings was M¼ 21 and the radius
of the outer ring was rM¼ 25mm. The axisymmetric grating
lens was placed in front of an ultrasound plane transducer
(see Fig. 1(c)). This source was formed by a plane single ele-
ment piezoceramic element mounted in a custom designed
steel housing with 50mm of aperture, matching the area of
the grating. The separation distance between the grating and
the source plane was adjusted to 0.5mm. The assembled
grating-transducer system was immersed in a degassed and
distilled water tank of 350 350 350mm3, the temperature
of which during the measurements was constant at 26 C.
The pressure waveforms were acquired with an HNR
500 lm needle PVDF hydrophone (Onda Corp., CA), moved
by a three-axis micropositioning system (OWIS GmbH,
Germany) with an accuracy of 10 lm.
We start from the theoretical and experimental results of
the linear behavior of the system. Figures 2(a) and 2(b) show
the focal properties calculated for the first diffraction grating
mode, i.e., n¼ 1. In Fig. 2(a), the normalized pressure field
along the symmetry axis in terms of frequency is shown. The
white dotted lines represent the curves obtained from Eq. (2)
for two different pairs of m (m¼ 1, 2 and m¼ 20, 21), the
crossing of these lines represents the focal point. Although
the lens is designed to focus waves at focal distance F and at
frequency f0, the focal spot presents weak chromatic aberra-
tion giving rise to the possibility to tune the position of the
focus with frequency.14 Figure 2(b) represents the radial dis-
tribution of the normalized acoustic field at the position of
the focal spot. We observe a main lobe aligned with the axis
of the axisymmetric lens with secondary smaller lobes.
Figures 2(c) and 2(d) represent the equivalent experimental
results to Figs. 2(a) and 2(b) respectively.
We now evaluate the focusing capability of the axisym-
metric grating, by analyzing both the focal gain and the full
width at half maximum (FWHM) of the focus. The focal gain
is evaluated using the expression G½dB ¼ 20 logðjpmaxj=jp0jÞ,
where pmax is the pressure at the focal point. For this lens, the
focal gain value is 32 dB (jpmaxj=jp0j ¼ 40) at f/f0¼ 1 (experi-
mental measured gain of 30 dB). The resolution of the focus is
characterized by k/2<FWHM< k for the whole range of an-
alyzed frequencies. This results in a sub-wavelength FWHM
close to the diffraction limit.
Next, we numerically analyze the transition to the
nonlinear-focusing. The source of nonlinearity is considered
in the water (parameter of nonlinearity is b¼ 3.5, density
q0¼ 1000 kg/m3, and sound speed c0¼ 1500m/s17). In order
to activate the nonlinearity of the medium, the amplitude of
the incident waves is increased. These amplitudes are
expressed here using the normalized quantity F/xs, being
xs¼ 1/kb the shock formation distance with k the wavenum-
ber and  ¼ p0=q0c20 the acoustic Mach number.17 Figures
3(a) and 3(b), respectively, show the longitudinal and radial
pressure distribution at the focus for different excitation
amplitudes. The small-amplitude pressure-distribution of a
FIG. 2. Characterization of the linear focusing properties of the axisymmet-
ric diffraction grating. (a) and (b) The numerical results of the acoustic field
along the axis of symmetry (longitudinal direction) of the system (r/k¼ 0)
and across the radial direction in the position of the focus, (zF)/k¼ 0 in
terms of normalized frequency. (c) and (d) The corresponding experimental
results. In (a)–(d), the color map represents the pressure field normalized to
the maximum at each frequency. White lines in (a) and (c) represent the ana-
lytical predictions of the focusing position. White dashed and blue dot-
dashed lines in (b) and (d) represent the sub-wavelength (FWHM< k) and
diffraction (FWHM< k/2) limits respectively.
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passive spherical radiator (see Fig. 1(a)) with same parame-
ters is also shown for comparison in dotted lines. Although
the spherical radiator gain is comparable to the gain obtained
with the grating lens, the FWHM of the beam is strongly
reduced in the focus produced by the grating. Furthermore,
the effective focal gain of the system (the peak value) is
extraordinary increased from the linear value of 32 dB to
40 dB (jpmaxj=jp0j ¼ 96) in the case of strong nonlinearity
(¼ 6.1 104). Especially, the numerical results show that
the waveform is dramatically distorted around the focal spot,
while it is stable out of the focal region. As the peak pressure
grows locally at the focus, the focal width stretches in both
axial and lateral directions around the focal spot. This means
that the nonlinearity is activated mostly locally at the focal
spot and the higher harmonics can be generated in this
region. In addition, the ratio between the peak pressure and
its lateral lobes is strongly increased. This gives unique spa-
tial properties for the higher harmonics that preserve the nar-
row beam-width of the Fresnel lens, while its axial- and
side-lobes are strongly reduced.
Now, we analyze the local harmonic generation. Figure
3(c) shows the focal gain of the different harmonics as the
amplitude of the incident wave is increased (F/xs increased).
It is worth noting here that for low amplitudes of the incident
wave, we recover the results discussed earlier for the linear
regime. The focal gain for the first harmonic is almost con-
stant, around 32 dB (jpmaxj=jp0j ¼ 40), but it slightly reduces
for increasing amplitudes as energy is transferred to higher
harmonics, being the total energy conserved. Particularly,
the focal gain for second and higher harmonics increases. In
the case of second harmonic it varies from 0 in the linear re-
gime to about the half of the fundamental first harmonic
amplitude.
The dependence of FWHM on the incident wave ampli-
tude is shown in Fig. 3(d). FWHM remains constant for
both, fundamental and second harmonic focal spots. Note
here that the second harmonic focal size is approximately
half of the focal size of the fundamental wave, since we
show the value normalized to its wavelength. It is worth not-
ing here, that as the nonlinearity of the medium is activated
the FWHM of the focal spot considering all the harmonics
dramatically decreases.
At this stage, we experimentally test the case F/xs¼ 0.02
(¼ 4 105) in order to evaluate the locally generated
higher harmonic and their spatial profiles. This situation cor-
responds to the weakly nonlinear regime in which our exper-
imental set-up can be used with a linear electro-acoustic
response in the range of frequencies from 0.5f/f0 to 1.5f/f0
ensuring that the observed nonlinear effects come only from
the nonlinearity of water (see insets of Figs. 4(b) and 4(c)).
In this range of frequencies, as shown in Fig. 4(a), we experi-
mentally and numerically reproduce similar acoustic pattern
as in the linear regime, showing a focal spot at f/f0¼ 1 and at
FIG. 3. Numerical characterization of the nonlinear focusing properties of
the axisymmetric diffraction grating. (a) and (b) The longitudinal and radial
pressure profiles calculated for different excitation amplitudes. The field of
an equivalent spherically focused device is shown in dashed black lines for
comparison. Inset in (a) shows the waveforms at focus for each amplitude.
(c) and (d)The numerical analysis of the dependence of the focal gain and of
the full width at half maximum (FWHM) on the amplitude of the incident
wave, evaluated in terms of the normalized amplitude, F/xs, for the first
(blue dashed line), second (red continuous line), third (green dotted line)
harmonics and the full wave (black dotted line).
FIG. 4. (a) Experimental evidence of the generation of the second harmonic
at the focal position in the weakly nonlinear regime [F/xs¼ 0.02
(¼ 4 105)]. Color scale shows the normalized pressure with respect to
the maximum at each frequency. (b) and (c) The comparison of the longitu-
dinal and radial profiles for the second harmonic nonlinearly generated, p2,
with the linearly generated, p2x. Insets in (b) and (c) show the corresponding
waveforms and spectra at focus respectively.
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focal distance z¼F. However, now we can clearly see the
presence of the second harmonic at the focal spot, i.e., at
double frequency f/f0¼ 2. As discussed above, due to the
nonlinearity of water the high amplitude around the focal
spot at frequency f/f0¼ 1 activates the harmonic generation,
producing a focal spot at f/f0¼ 2 (experimental gain of
31 dB).
Figures 4(b) and 4(c) show the comparison between lon-
gitudinal and radial profiles of the second harmonic, p2, and
the profiles obtained at frequency 2x, p2x, in the linear
regime, respectively. Red continuous and red dashed lines
represent the numerical and experimental profiles of the sec-
ond harmonic, p2, while black continuous lines represent the
profiles of the linear focusing at frequency 2x, p2x. The dif-
ferences between the numerical and experimental results for
the longitudinal profiles come from the reflections produced
in the cavity between the axisymmetric lens and the trans-
ducer. Profiles from nonlinear generation present a similar
lateral spatial resolution but slightly bigger depth focus than
in the linear regime. This is because the first harmonic is the
acoustic source of the second one. Moreover, the nonlinear
profiles present smaller axial- and side-lobes. Specifically,
we report a side-lobe reduction of 54% in experiment (33%
numerical) relative to the fundamental harmonic side-lobe
amplitude.
We have presented the nonlinear characterization of the
focusing properties of an axisymmetric ultrasonic diffraction
grating constructed by toroidal rigid scatters embedded in
water. Theory and experiments are in good agreement in
both the linear and the nonlinear regime. The confined focal
spot provides strong energy concentration over a small vol-
ume to activate the nonlinear effects locally at the focal spot,
giving rise to an almost local higher harmonic generation.
The field of the higher harmonics maintains the excellent
beam-width of the Fresnel lens, while its axial- and side-
lobes are strongly reduced. This effect is remarkable even in
the weakly nonlinear regime, and can be used to improve the
image quality by the well-known harmonic imaging
method12,13 in which images are created from second (or
higher) harmonic signals. Therefore, the presented passive
system can be suitable for second harmonic imaging techni-
ques. It can also motivate applications in medical therapy.17
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